We discuss Jacobi forms that are invariant under the action of the Weyl group of type E n (n = 6, 7, 8). For n = 6, 7 we explicitly construct a full set of generators of the algebra of E n weak Jacobi forms. We first construct n + 1 independent E n Jacobi forms in terms of Jacobi theta functions and modular forms. By using them we obtain Seiberg-Witten curves of typeẼ 6 andẼ 7 for the E-string theory. The coefficients of each curve are E n weak Jacobi forms of particular weights and indices specified by the root system, realizing the generators whose existence was shown some time ago by Wirthmüller.
Introduction and summary
The theory of Jacobi forms was first systematically studied by Eichler and Zagier [1] .
A Jacobi form is a holomorphic function of complex variables τ and µ which has modular properties in τ and quasi-periodicity in µ. Jacobi forms invariant under the action of the Weyl group W (R) of a root system R was investigated by Wirthmüller [2] . Such Jacobi forms, which we call W (R)-invariant Jacobi forms or just R Jacobi forms, appear in various contexts in mathematics and physics.
In [2] an inductive construction of the W (R)-invariant Jacobi forms (except for R = E 8 ) was also presented. The construction is, however, rather abstract for R = E 6 , E 7 . On the other hand, W (E 8 )-invariant Jacobi forms were explicitly constructed in the study of the E-string theory [3] [4] [5] . In [4] nine independent E 8 Jacobi forms were first constructed in the course of deriving the Seiberg-Witten curve for the E-string theory. The construction was further refined in [5] in terms of concisely expressed E 8 holomorphic Jacobi forms.
In this paper we explicitly construct a full set of generators of the algebra of W (E n )-invariant weak Jacobi forms (n = 7, 6). We first construct n + 1 independent E n holomorphic Jacobi forms. Most of them are actually obtained by mere reduction of E n+1 Jacobi forms and thus we have only to construct two new Jacobi forms in each E n case. All these E n Jacobi forms are explicitly expressed in terms of Jacobi theta functions and modular forms.
Using these Jacobi forms we next construct Seiberg-Witten curves of typeẼ 7 andẼ 6 for the E-string theory. The original Seiberg-Witten curve for the E-string theory is expressed in terms of E 8 Jacobi forms [4, 5] . If we restrict the value of µ within the E n root space, the curve can be expressed in terms of the above n + 1 E n Jacobi forms. We transform this curve into the form of the general deformation of a singularity of typeẼ n . The coefficients of this new Seiberg-Witten curve are weak Jacobi forms of particular weights and indices specified by the root system E n . They are identified as generators of the algebra of E n weak Jacobi forms over the algebra of modular forms. The existence of such generators was shown by Wirthmüller [2] .
The main theorem of [2] does not cover the case of R = E 8 . Very little has been known about generators of the algebra of E 8 Jacobi forms over the algebra of modular forms. We briefly discuss this case and make a conjecture on the overall picture of the algebra of E 8 weak Jacobi forms.
The paper is organized as follows. In section 2 we present the definition of W (R)-invariant Jacobi forms and construct n+1 independent E n holomorphic Jacobi forms.
In section 3 we construct Seiberg-Witten curves of typeẼ 7 andẼ 6 for the E-string theory and present a full set of generators of the algebra of E n weak Jacobi forms for n = 7, 6. We also discuss the case of E 8 . There are three appendices, where SeibergWitten curves of typeẼ n at τ = i∞, our choice of simple roots and fundamental weights, and definitions of special functions are respectively presented.
Construction of holomorphic Jacobi forms

Definitions and generalities
Let L R be the root lattice of a root system R, and L * R the dual lattice of L R . Let ϕ k,m (τ, µ) denote a W (R)-invariant Jacobi form of weight k and index m (k ∈ Z, m ∈ Z >0 ). It is a holomorphic function of τ and µ (Im τ > 0, µ ∈ C n ) satisfying the following properties [1, 2] : i) Weyl invariance:
ii) Quasi-periodicity:
iii) Modular properties:
To be precise, ϕ k,m (τ, µ) defined as above is called a weak Jacobi form. If ϕ k,m (τ, µ)
further satisfies the condition that the coefficients c(n, w) of the Fourier expansion (2.4) vanish unless w 2 ≤ 2mn, it is called a holomorphic Jacobi form. If ϕ k,m (τ, µ)
further satisfies the stronger condition that the coefficients c(n, w) vanish unless w 2 < 2mn, it is called a Jacobi cusp form. In this paper a Jacobi form means a weak Jacobi form unless otherwise specified.
E 6 : Figure 1 shows the levels of fundamental representations of the affine E n algebra. From this we see that generators of R Jacobi forms are of the indices 1, 2, 2, 3, 3, 4, 4, 5, 6 for E 8 ,
Multiple occurrence of the same index means that there are several independent generators of the index. In what follows we will explicitly construct E n Jacobi forms of these indices.
Nine independent W (E 8 )-invariant holomorphic Jacobi forms were constructed in [5] .
The summary of the results is shown below.
Let us first introduce the following functions
and
The simplest E 8 Jacobi form is the theta function of the root lattice L E 8 :
Nine W (E 8 )-invariant holomorphic Jacobi forms can be constructed as follows:
A m , B m are of weight 4, 6 and index m respectively. If we set µ = 0, these Jacobi forms reduce to ordinary modular forms. The normalization of these Jacobi forms is chosen so that they reduce to the Eisenstein series By reducing the E 8 Jacobi forms given in (2.10) one immediately obtains
(m = 1, 2, 3, 4, 5),
(m = 2, 3, 4, 6). (2.13)
These Jacobi forms cover most of the desired E 7 Jacobi forms whose indices are listed in (2.5), but not all of them. We need to construct in addition at least two new Jacobi forms which are of index one and index two respectively.
Let us start our study with E 7 Jacobi forms of index one. There are two independent E 7 Jacobi forms. They can be expressed as some modular-invariant linear combinations of two level-one affine Weyl orbit characters. At level one, affine Weyl orbit characters are simply given by the theta functions
Here,
7 is a fundamental weight of E 7 . (See Appendix B.) In terms of Jacobi theta functions they are expressed as Here, O(Λ) denotes the Weyl orbit of weight Λ. Λ j (j = 1, . . . , 7) are the fundamental weights of E 7 .
The above theta functions transform nontrivially under modular transformations.
The modular properties of the theta functions are as follows:
To construct modular-invariant linear combinations of Θ E 7 and Θ
, let us first look into the case of A E 7
1 . One can easily derive that A
1 is expressed as
The coefficient functions can be interpreted as
and transform as
One can easily check that (2.20) is indeed a modular-invariant combination, i.e. it transforms as in (2.3).
It is natural to expect that the other modular-invariant linear combination can also be constructed by using polynomials of ϑ 3 (2τ ), ϑ 2 (2τ ) as coefficient functions.
One of the simplest candidates for this Jacobi form would be the one which reduces to E 6 (τ ) when we set µ = 0. In order for the Jacobi form to be of weight 6, the coefficient functions have to be homogeneous quintics in ϑ 3 (2τ ), ϑ 2 (2τ ). And furthermore, in order to be invariant under the transformation τ → τ + 1, the Jacobi form has to take the form
The requirement that it reduces to E 6 when µ = 0 immediately determines the unknown coefficients c j . In this way, we find the combination
1 is indeed an E 7 holomorphic Jacobi form of index one. It is clear that A E 7 1 and C E 7 1 are independent. By construction,
(2.24)
Let us now move on to the construction of a new Jacobi form of index two. This is actually easy. Applying the Hecke transformation of order two to C
The normalization is chosen so that
is an independent Jacobi form, i.e. it is not expressed as
are independent in the same sense. On the other hand, it turns out that A E 7 4 is not independent. It is expressed in terms of A
Here, we have omitted superscript E 7 from the Jacobi forms and introduced
To summarize, we now have eight Jacobi forms
which are of weight 4, 6, 6 and index m respectively. We checked that they are independent, holomorphic Jacobi forms. Note that
6 are no longer independent and are expressed as polynomials in the eight Jacobi forms (2.29). While these relations are essential to obtain the results in the next section, their concrete expressions are rather lengthy and thus we do not present them here. (In any case, these relations are immediately restored from the results in the next section.)
E 6 case
As in the E 7 case, W (E 6 )-invariant Jacobi forms can be obtained by reduction of those for E 7 or E 8 . This is done by restricting µ within the E 6 root space orthogonal to both Λ E 8 7 and Λ E 8 8 . More specifically, such a vector µ is parametrized as
In what follows in this subsection µ is always constrained as above.
By reducing the E 7 (or E 8 ) Jacobi forms one immediately obtains
(m = 1, 2, 3),
(m = 2, 3, 4),
(m = 1, 2). (2.32)
These Jacobi forms cover most of the desired E 6 Jacobi forms whose indices are listed in (2.5), but as in the E 7 case, we need to construct at least two new Jacobi forms which are of index one and index two respectively.
There are three affine E 6 Weyl orbit characters at level one:
and Θ
They are defined by means of the root lattice E 6 and fundamental weights Λ
in the same way as in the E 7 case. (See Appendix B for our convention.) They are expressed in terms of Jacobi theta functions as
where σ(1) = σ(4) = −1, σ(2) = σ(3) = 1. These theta functions are expanded as The modular properties of these theta functions are as follows:
1 and C
1 are expressed in terms of these theta functions as
where h j = h j (τ ). h 0 (τ ) was introduced in (2.7) and
By taking account of the above modular properties, the other Jacobi form of index one is found as
This is a Jacobi form of weight 7. If we set µ = 0, it vanishes:
The remaining Jacobi form of weight two can be constructed from D E 6
1 by the Hecke transformation of order two. One obtains Table 1 : Our choice of independent E n Jacobi forms. The subscripts of the Jacobi forms represent their index.
To summarize, we now have seven Jacobi forms
which are of weight 4, 6, 6, 7 respectively and index given by their subscripts. We checked that they are independent. We also checked that A m are Jacobi cusp forms. Note that
4 are expressed as polynomials in these Jacobi forms. We will use these relations to obtain the results in the next section. Again, we do not present concrete expressions here, as these relations can easily be restored from the results we will obtain there.
We summarize our choice of independent E n Jacobi forms in Table 1. 3. Seiberg-Witten curves and generators of weak Jacobi forms
Generalities
In [2] Wirthmüller proved that for any irreducible root system R excluding E 8 , the algebra of W (R)-invariant Jacobi forms over the algebra of modular forms C[E 4 , E 6 ] is generated as the polynomial algebra in some W (R)-invariant Jacobi forms
Here, {k(j)} and {m(j)} are given respectively by the list of degrees of independent Casimir invariants of R and the list of levels of the fundamental representations of the affine R Lie algebra. In what follows we explicitly construct {α k(j),m(j) } for R = E 6 , E 7 exploiting the Seiberg-Witten curve for the E-string theory. We also present a similar set of meromorphic functions (i.e. not exactly Jacobi forms) for R = E 8 .
E 8 case
In [5] the Seiberg-Witten curve for the E-string theory [4] was expressed in terms of the nine Jacobi forms A m , B m given in (2.10). The result is as follows:
where If we set µ = 0, all α k,m of negative weight vanish:
Although Wirthmüller's theorem [2] does not cover the case of R = E 8 and the above α k,m are not exactly Jacobi forms, it would still be interesting to examine to what extent the statements of the theorem hold for R = E 8 . However, if one replaces α −6,2 withα −2,2 in the generator set, certain W (E 8 )-invariant Jacobi forms cannot be generated over the ring of modular forms C[E 4 , E 6 ].
3
Though the above α k,m themselves are not exactly Jacobi forms, one can still consider the polynomial algebra generated by α k,m over C[E 4 , E 6 ]. To the best of our knowledge, this algebra seems general enough to contain all E 8 weak Jacobi forms whose concrete expressions are known. Therefore we conjecture that the algebra of W (E 8 )-invariant weak Jacobi forms would be a proper subset of the polynomial algebra generated by α k,m over C[E 4 , E 6 ]. It would be very interesting to investigate this problem in a more mathematically rigorous manner.
E 7 case
One can reduce the Seiberg-Witten curve presented in the last subsection to the curve that has only W (E 7 ) symmetry by setting µ = µ (7) . The curve can be expressed in terms of the eight E 7 Jacobi forms constructed in section 2.3. It is expected that the elliptic fibration described by this curve develops a degenerate fiber. (It was systematically studied in [7] how special values of µ correspond to degenerations of the elliptic fibration described by the Seiberg-Witten curve for the E-string theory.)
One immediate outcome of expressing the curve in terms of the eight E 7 Jacobi forms is that one can directly see this fiber degeneration as the factorization of the discriminant. For the elliptic curve in the Weierstrass form
the discriminant is given by
For the above Seiberg-Witten curve expressed in terms of the eight E 7 Jacobi forms, the discriminant indeed factorizes as
where
and P 10 (u) is some tenth degree polynomial in u. (In this subsection we omit superscript E 7 from Jacobi forms.) This is not the only peculiar feature of the above reduced curve. We can in fact transform the curve into the form of the general deformation of a singularity of typeẼ 7 , as we will see below.
The general deformation of a singularity of typeẼ 7 takes the form [6] 
For the moment α k,m are just deformation parameters. We formally assign weights −6, −4, −9, k and indices 1, 1, 2, m to u, x, y, α k,m respectively, so that all terms in the equation are of weight −18 and index 4. The elliptic curve (3.10) can be transformed into the Weierstrass form (3.6) with
in the following manner: First, perform a translation of x to remove the quadratic term in x. Next, rescale the variables as x → u −1 x, y → u −1 y. We then obtain the Weierstrass from with f, g being of the form (3.11). One finds that the discriminant of this curve factorizes as
whereP 10 (u) is some tenth degree polynomial in u. Another peculiar feature of the curve is that the coefficients f 4 , g 6 also factorize
The locations of the double roots of the discriminants (3.8) and (3.12) imply that the original Seiberg-Witten curve with µ = µ (7) is identified with the above obtained curve in the Weierstrass form by the translation u → u + u 0 . Indeed, after the translation is applied to the former curve, one can indeed see the factorizations of coefficients as in (3.13) and determine α −10,2 . Furthermore, by comparing two curves term by term, one can fully determine the coefficients α k,m in (3.10). The results are as follows:
(3.14)
Here, A m , B m , C m are the holomorphic Jacobi forms constructed in section 2.3 and we have omitted superscript E 7 .
In contrast to the E 8 case, the above α k,m are genuine W (E 7 )-invariant weak Jacobi forms (of weight k and index m). This can be shown as follows: By construction they satisfy conditions (2.1)-(2.3) and no fractional powers of q appear in their Fourier expansions. We checked explicitly that they are finite at q = 0.
We present the concrete expressions of α k,m at q = 0 in Appendix A. On the other hand, it is less trivial to show that α k,m are holomorphic in τ . As the expressions of α −10,2 , α −12,3 and α −18,4 contain E 4 in the denominator, these generators may have a pole at τ = e 2πi/3 . By carefully examining the structure of these expressions, one finds that these generators can be written as
where "· · · " are some polynomials in A m , B m , C m , E k and
Clearly, potential divergence can arise only through X. Therefore the proof boils down to showing that X is regular at τ = e 2πi/3 . This can be done as follows: The relation (2.27) can be rewritten as
Since the right-hand side is holomorphic in τ , X has to be regular at τ = e 2πi/3 .
Hence, we have shown that all α k,m are indeed W (E 7 )-invariant weak Jacobi forms.
The above α k,m satisfy all the conditions required for the generators in the
Wirthmüller's theorem explained in section 3.1. Thus we conclude that they give a full set of generators of the algebra of W (E 7 )-invariant weak Jacobi forms over the algebra of modular forms C[E 4 , E 6 ].
If we set µ = 0, the generators become
In the same way as in the E 7 case, one can reduce the Seiberg-Witten curve for the E-string theory to the curve that has only W (E 6 ) symmetry and transform it into the form of the deformed singularity of typeẼ 6 .
The general deformation of a singularity of typeẼ 6 takes the form [6] 
One can formally assign weights −6, −4, −3, k and indices 1, 1, 1, m to u, x, y, α k,m respectively, so that all terms in the equation are of weight −12 and index 3. The curve (3.19) can be transformed into the Weierstrass form (3.6) with (3.11) as follows:
First, perform a translation of y to eliminate the linear terms in y. Next, perform a translation of x to eliminate the quadratic terms in x. Finally, rescale the variables
Next, we reduce the original Seiberg-Witten curve in section 3.2: We first set µ = µ (6) , then rewrite it in terms of the seven E 6 Jacobi forms constructed in section 2.4, and finally replace u by u + u 0 . Here, u 0 is given in (3.9). By comparing this curve with the above curve in the Weierstrass form, we are able to determine all the coefficients α k,m in (3.19). The results are as follows: When µ = µ (6) , α
k,m are expressed as polynomials in α
k,m . The relations are extremely simple:
This is in agreement with the description of the generators of E 7 Jacobi forms in [2] .
In the same way as in the E 7 case, one can show that α k,m given in ( However, since all α
k,m are genuine Jacobi forms, it is clear from (3.21) that α
and α If we set µ = 0, the generators become
In [8] E 6 Jacobi forms were used in the study of the flat structure for the elliptic singularity of typeẼ 6 . The generators specified in [8] (up to the overall factor e(−mt)) are expressed in terms of our generators as A. Seiberg-Witten curves at q = 0
In this appendix we present the Seiberg-Witten curves of typeẼ n at q = 0 (τ = i∞).
These Seiberg-Witten curves describe the low-energy theory of 5D SU(2) N f = 7 gauge theory on R 4 × S 1 . TheẼ 8 curve below is the 5D E 8 curve in [4] . Thẽ E n (n = 7, 6) curves below are not equivalent to the 5D E n curves in [4] : The former curves give a degenerate fiber at u = 0 while the latter curves give a degenerate fiber at u = ∞. Physically, the former curves describe special cases of 5D SU(2) N f = 7 theory while the latter ones describe 5D SU(2) N f = n − 1 theories.
For each E n let us define 
